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§rﬂ. Tntroduction

In this report some acspects of the work carried out by the
Applied Mathematics Division of the Amsterdam Mathematical
Centre in connection with the problem of the motion of the
North Sea are considered,

We shall study the free motions of a rotating shallow 5eas
of constant depth which has the form of a semi-infinite
strip O<¢x <a, O<Cy oo,

The differential equations and the boundary equations are

2 - of _
F +r)u - v+ gd £ =0
(;5% + A)v + L2 u + gd S’y = 0 1, 1
QU ov. D B
5%t syt %% =0
Xx = 0O and X = 34 u = 0,
ymO v o= O, 1,2

Here g is the acceleration of gravity, A a frictlon coefl{l-
cient, L. the coefficient of Coriolisg, d the depth, u and v
integrals over a vertical of the horizontal components of
the velocity, ¥ the elevation ol the sealevel above the un-
disturbed level,

The North Sea 13 usually represernted by a rectangle QO<x«a,
O¢y<chb where x=0, x=2 and y=0 are coasts and y=b the open
end at tThe ocean, In this report the influence of the ocean
18 not taken into account. The numerical values ol the con-

stants are those {for Tthe North Sea,

X o 0@09 h“’“"‘ﬂ 5 m — ()ﬁ‘)'l'B klm/l 3 d o {56 T} == )'!",25 m

I the following units are introduced

6 a /w Ved h X,y a /. km
U,V d V gc km /1 i . m

1.7 and 1.2 become



< . 2¥ _
<at +M)u - L1 v + £2 = O
3 03 _
@?+MV+Q&A+%V“O 1.3
ou OV of _
5x T 5y T3t = ©
u=0 for x=0, v > O v=0 for y=0, O0<X<T 1,4
u=0 for x=m, yv>0 . 1

In the numerical case the units are as follows

t 1.5 h U,V 91 km
RPN 135 km j’ 65 [Tl P

and 5

A= 0,14 , £ =0.71 ; (we shall take n"=0.,02,

We shall consider free motions which are proportional to ept.

If in u,v,¥ in 1.3 the time factor 1is omitted we have

(p+A)u - LLv + 2 - ¢

DK
(p+7\)v + L 11 -+ 333,3: = () 1 m5
o u PAY
” + ,:5*:{}}- T+ P f = 5
with u=0 for x=0 and x=TC , v=0 for y=0 , 1.6

Only solutions of 1.5, 1.6 will be considered which are
bounded as y-— oo,
From the eguations 1.5 we obtain easily

(p+2) (uu +vv ™) + ph L O (W' - uv’) -

Ry 12, i
- g}% (u‘f) - 59“ (V sf) 9 "tﬁ.T

%.
where u ', v
If

D oare the complex conjugates of u,v,p.

%
Y,
TC o
- def 1 .. e
E — 1.1..m e (:1}( % ®
. =% ) uu Ay ete
O O

) - OO

then we obtain from 1.7 in view of 1.6
-y e n y . ¥ ¥ P
(p-%X)(LU—r—BV) - P EY = F,

where [ 18 purely imaginary. Therefore we have

(Re p+N) (E +E,) + Re p E¥ = O. 1.8



"

Wi } A

Thus we have for a free motion

- AN ¢Re p<O , 1.9

This means that any free motion 1is damped out as € ~—3
1t

A =0 the free motions are purely osclllatory.

o >

with
u=0 at x=0 and x=T , v=0 at y=0

We may take

pmwiﬁ 3 > O

The solutions of 2.1 may be normalised in such a way that

U(X,V,~w) = u%(xﬁyjus) ete.,

T £) =0 the free oscillations may bhe written down at once

2.2

where K = O,1.,.. [w]e

The motion 2.2 is in general ellipsoidal., For k=0 we obtailn
g motion 1n the y-direction

u = 0 v = w Sin wy,
For w =k we obtain a motion in the X-direction

v = O

|
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Similar phenomena may be expected for LL#
The general solution of 2.1 may be written as follows



§= A GXp{ﬂ(Xm %)-—-py} +Bexp{-ﬂ(x-- %‘-’)v&py} +
-V Y N Vv,V

@ K K

+ Z Ck(% sin KX + ....ﬁ... cos Kkx)e + E/‘ Cf{(% sin kX- wgmcos kxle

K o5

with arg pm:

and where

The expressions 2.3, 2.4, 2.5 satisfy the differential equa-
tions, are bounded as y—> oo and satisfy the boundary condi-
tiong at x=0 and x=T for arbitrary values of A’B’Ok’ck'

The boundary condition at y=0 givedad

ﬂ ( K = TC) — ;Q ( K o TC) C\D
S ) 7S . pLL
Ae - B& + C 1{( COS KX + ml'; sin KX ) -+
N i e 1, nly . . > 6
+ %:Ck:(com K - E:Tjulﬂ kx) = O. ;

This eondition is of the [orm

LD
f(x)mzck (cos kX Ll sin kx) , 0O<x<™® , 2.
’]

P
B

The expansion 2.7 1s possible 1if

-
jfh(x) f{x)dx = O 2.8
0

where h(x), apart from a constant factor, 1s unilquely deter-
mined by the set cos kX + Xk sin kx, k=1,2... . For all K we
nave



T
Jrh(x)(00$ Kx e Sin kx)dx = O 2.9
2 f

In this way a linear condition is imposed upon the coeff{l-
cients A,B and C}!, k=1,2..,.N,

This leads to the following result.

For co<:V1+£12 there is 2 single f{ree motion,

For cu:>V4+1121there are N+ independent free motions,
where N= [(ouawfle)ﬁt}.

The N+1 independent solutlions may be specified by:

the case C& = 0 for k=1,2...N

the N cases SR

jl{ [ Jm/‘_gauaaN E‘}nd A::"-'Ba

The transformation

K o~y TCaK WO oy =, Vey =V

does not alter the differential equations 2,1 and the boundary
conditions,

In view of the uniqueness of its solutions belonging To 2
certain class they may be normalised in such a way that

u(m-x) = u(x) , v(r-x) = -v (x).
This gives

(- Ve, =0

(- Ve = o™ 1 ¢k &N 2,10
and A = B”

ITn this case there is a single free motion, We may put
Al = |Bl = 1 so that

A = exp-1ict B = expid

with a real « .
The condition 2.6 becomes



6

N
. pﬂ o — 0 e TC
:L-:Ck(oos KX+ TE'J; sin kx) = 2 &:mh{ﬂ (,2- x)—i—ioc} . 2.1
The first relation of 2.10 shows that Ck is real for odd-.-in-
dices and purely imaginary for even indices.

The orthogonal function h(x) satisfying

K v,

TG
jfh(x)(cos KX+ 1 co{ ) sin kx)dx = O 2.12
® K

for all k 21 may be normalised so that

TC
Il(xwig)
X = < " arg h(x)dx. 2.13
O

We may put h(x)=a(x)+ib(x), where a(x) and b(x) are real

functions., In view of the symmetry relation h(w-x)=h"(x) we
have a(re-x)=a(x) and b(r-x)=-b(x). The functions a(x) and

b(x) may be determined by their cosine expansions

f

a(x) mzo 4, Ccos ke b(x) m‘z bk cos kx , 14

N

e ﬂ ﬁ ﬁ
wher@f} denotes summation over even indices k=0,2,4... and
> oveyr odd indices k=1,3,Hb... .
We may take a_=71 which means that h(x) is normalised by
| TC
i-Jrh(x)dx =
.Tt - %

O

e,

If the expressions 2.14 are substituted into 2.12 we obtain

b w1

{
aay ™ v > Y1 oy k=2,% ...
' 2.15
b L1 =0 .,
bk’” - v E 51{1 a5 Ke=1,3.0 .0

The coefficients Ay and bk may be solved {rom 2.15 by means
of successive approximations.



From 2.13 we obtain

o b
% ,IE Tt Q K e —y ﬂ.rc ? k
X = arg{S:th e E e e o N R Cosh T 5 "‘2"""‘"‘? }*
e Kg-{—ﬁ.a * Kk +ﬂ 2 ’16

=10, R for odd k so that D

and Ek are real, Af'ter separation of the real and imaginary

part The relatlion 2.11 becomes

We may put C for even K and C =F

{ o ,
> E,. cos kx mwﬂzo D, 510 KX _ 5 cosw sinh(% ~% )

KV e 2.17
O sin kx o _
S Dy ¢os kx %wﬂz E o = 2 sinet cosh(F -x) .
If the relations 2.17 are multiplied by cos 1x, 1=0,1,2...
and 1integrated between O and T™ we obtain
0 I
. I
Sin & = w L1 ol N fJK , 2,10
2 sinh QTU K=y,
BN sine sinh 24T
o o L)
I T } 2.19
o (1°+1°) v
Hi{lcoso coah S0 7 D
- - ' 2 )+wm ® _ k
B, = —————s———— + ——— E[ s : 2.20
T (17+5209) s (k“-17)v,

From this system of linear equations « , D, and I, may be
derived by successive approximation.

I o £) is small we obtain from 2.10, 2.19, 2.20 the following
approximation
d@.“‘“ q’ﬁUﬂj !

A =

T ULanh m-*;-'gww

5 )

[,
DS 0ol

O

COsh {1

- 2 2~ 3
[OF > B T O(UD {1 ) 2.2
. {17+ £07)

it

The value of & may also be derived from 2.15 and 2,16,
From this the same approximation 2.23 is obtained.
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. o c
< O 0.0308 0.0300

DA O 0.004 0,004
X O 0,016 0,016

0 0.007 0.007
2,020 2.020 2.020
0.319 0.318 0.318
0,119 0.119 0.119

O O
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O
b

E

>

Thus after only a single iteration surprisingly accurate

values are obtained, We may also say that in this case the

.

formulae 2.21, 2.22, 2.23, withhout tne O-terms, give very

aceurate results,

)

§ 3. The casc A #£0

We repeat the differentlal equatlons

(F) - >\-) 1] = IRV, 4 C)‘j’ _ €:>

£
=
<
+
.
.
‘w
s
{
®
W
Y

With 1

Vo= O ffor y = O

O {for x = 0O 2ma X = 1T

|

e
s
H

®

g ' . - . . - = ' . - » A e 4
fEmsuming A < 2, the free oscillations are caslily

ffound to bhe

o N p
. . I - .. o N
U = K sin kx cos vy \/w + - K
S N S IO iy v g Y MFTMWM " '!' ' i:'*“:‘ - r.a}
£ - Yy i - ™y _3 T
*. y ) 2

. l":..ﬂ h?\ ) f: . | | ‘ o
. - W7 ooco0s3 KX oain

WL D = = e ] TNd

The motion 3.2 18 1n general ellipsoldal, obtain

however

v o= O , o= sin ko o, K= 1;2...

1der now the casc L #£0.

L
The general solution of 3.1 may be written as follows



-
|

> k(lc sin kx +‘pfk
’ vl

where -
Vi = K4+~ Re v, 20 ,
Y )
a” = pl(p+Ar)+s°
f"‘:‘j
“2 pglﬁ ne o g 0O
bod v T W& ot A oa
P+ A ’

I'he coefficlents T vanish 1irf Vi 18 not a pure imaginary.
W ,»*)

The coefficient B vanishes if Vp©+Ap is not a pure imaginary.

The expressions 3.3, 3.4, 3.5 catisly the equations 3.1 and

the boundary conditions at x=0 and X=T ,

The condition at y=0 hecomes of the form 2.7 or

. H )
+§:ﬂnmt(COE§ KX - E S 1N I{X) = (O, 3*6

The conclusions are similar TO those in the precedingz scecction.

We may distingulsh The Tollowing cases

a p reasl, and - A<pc< O,

L

7y
We have N= [ jal |, arg wkaVQ , arg s =T/2, arg VpT+ip=1/2,
There are N+1 independent {ree mobtions whilch all have tThe

character of a non-ogscillatory damplng.

b D= - 7%‘ fwi , e real.

T

We may take w >0, The coelflclents C& vanish. There is only a

gsingle free motion of the oscillatory damping type.

)
C a“ real and negative » not real.



The equation pE% {(p+%)2+£12 = wrgﬁ where r 1s real and
positive has for any r three roots, one real and two conjugate
complex with -A<«¢<Re p<«<- %-, For complex p the coefficlent B
vanishes. We have, howev;rja N= [r] .

Hence there are N independent free motions of the oscillatory
damping type, assuming r > 71 of course.,

For r large the values ol p become
c 2 2, < 2
— A ‘?\QL (/l .Q.. ﬂ_ )x&"%*ﬂ )
p= -3 - (e ) )
27 r I
A - N TR~ IO~ S
,f. L L7 =N SRQ RS- ]
“:t_ ll”(/1+ Q _ LD +c:_)“"7\ﬂ +A .,.,.) ﬂ
Br© g P|
o ;"'j
For r=1, A°=0.02, £) “=0.5 we obtain p=-0.094 + i 1.22.
The possible p values yielding frece motions are for the three

cases sketchea bvelow,

p £ small

We shall now consider the case a or b with pfl small so that

the coeflficients CJ) vanish,

K
The condition at y=0 becomes

S-‘ti.t’} kX)mOa
i ‘ 3 #rr

5

-we obtain in a similar way as in the

sh exp s(Xx- =) -~ 8B exp
C .-

o1

— A,
Putting sA=e , SbB=e
preceding section
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1 even C, = 1 sinoat- — - = pLL ——y——— 5 3.9
1 “ . o TG -
T 17+ (k™=17)V
C 17 : S - C

1 odd C—LEQSO(—M”;EPQZ

From this the following approximations may be obtained

f
. hps= L - d I

T Tanh

Q-

The formulae .11, 3.12, 3.13 give the first-order approxi-
ma tilons

o) .
M —_ “ ~ (‘% - C Lo

0(£27) v = 0(L7) 3.

3. -

' W .

Code = — T OLLT)

Tl
From 5.4 we okbtain for u,v,
Qe ? | Vs
po= 22 st D sin kx exp-y VCHpTene + 0(029),

50710

P

f.q}
w

——
+DTHAD } +

+O( ) e ) . 3.17
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